Abstract-The artificial-variable free technique along the objective direction for the simplex algorithm was proposed for solving a linear programming problem in 2014. It was designed to deal especially with unrestricted variables. Before starting the simplex algorithm, a single unrestricted variable is rewritten using two nonnegative variables causing the number of variables increasing. In this paper, we present that this technique can deal with nonnegative variables which the real world problems needed the variables to be nonnegative. Moreover, we propose some criteria for selecting a variable to transform the problem. The computational results show that the average number of iterations from the selected variable which has the maximum coefficient of the objective function outperform the original simplex algorithm.
I. INTRODUCTION
T HE simplex algorithm [1] has been popularly used to solve linear programming problems and it is quite efficient in practice for small or medium size [2] . However, in 1972, a collection of linear programming problems which shows the worst case running time for the simplex algorithm using the original Dantzig's rule was given by Klee and Minty [3] . Then, Karmarkar [4] has proposed a new faster algorithm and many researchers have improved pivoting rule for the simplex algorithm [5] . However, finding the new initial feasible point which is closer the optimal point and solving without artificial variables were proposed [2] , [6] , [7] , [9] , [10] , [11] , [12] .
The simplex algorithm starts at an initial basic feasible solution, x = 0 (the origin point). If the origin point is not a basic feasible solution then the artificial variables will be added for finding the basic feasible solution. Big-M and TwoPhase method are well-known algorithms which are used to handle artificial variables. By adding artificial variables, the number of variables will be increased.
In 1997, Arsham [6] , [7] proposed the algorithm without using artificial variables. However, in 1998, Enge and Huhn [8] proposed a counterexample, in which Arsham's algorithm declared the infeasibility of a feasible problem.
In 2000, the algorithm for solving a linear programming problem without adding artificial variables was proposed again by Pan [9] . The algorithm starts at the initial basis A. Boonperm is with the Department of Mathematics and Statistics, Faculty of Science and Technology, Thammasat University Rangsit Center, Pathum Thani, 12121, Thailand. e-mail:aua-aree@mathstat.sci.tu.ac.th which corresponds to a solution in primal and a solution in dual. If the primal solution and the dual solution are infeasible, then costs of objective function in primal will be perturbed to some positive number for dual feasibility and the dual simplex method can start. The computational results were shown to be superior for small problems and this algorithm starts from the origin point.
Arsham [10] , [11] then presented the new solution algorithm without using artificial variables repeatedly in 2006. Before the algorithm starts, the right hand side values need to be nonnegative. The simplex algorithm can start without using artificial variable by relaxing the ≥ constraints. Then all relaxed constraints will be reinserted to the problem to guarantee the optimal solution. However, the computational result was not shown the effectiveness of the algorithm. In that year, Corley et al. [12] proposed the algorithm without introducing artificial variables for nonnegative right hand side problems. They solve the relaxed problem which consists of the original objective function subject to a single constraint which makes a largest cosine angle with the gradient vector of the objective function. At each subsequent iteration, the constraint which had the new maximum cosine angle among those constraints would be added, and the dual simplex method is applied. However, their research is restricted for a feasible and bounded linear programming problem and the computational experiment was not shown.
In 2014, Boonperm and Sinapiromsaran [13] presented the algorithm without using artificial variables which starts by fixing one of variables which has a nonzero coefficient of the objective function in term of another variable in the objective plane. Then constraints are split into three groups: the positive group, the negative group and the zero group. Moving on the objective direction, the optimal solution may be formed by some constraints in the positive group. So the algorithm starts by relaxing constraints from the negative and the zero groups. The simplex algorithm is applied to solve this relaxed problem, and additional constraints from the negative the zero coefficient groups will be introduced to the relaxed problem, and the dual simplex method is used to determine the new optimal solution. However, they lacked the computational result to show the effectiveness of the algorithm. Then, in that year, Boonperm and Sinapiromsaran [14] proposed the algorithm without using artificial variables by separating constraints into two groups: the acute constraint group and the non-acute constraint group. They start the algorithm by relaxing the non-acute constraint and solve the relaxed problem first. The results of the algorithm are superior than the original simplex algorithm. However, the algorithm deals with unrestricted variables which it is rewritten using two nonnegative variables causing the number of variables increasing by a factor of two for each unrestricted variable.
From the artificial-free techniques above, in this paper, we improve the artificial-free technique along the objective direction [13] by suggestion the criteria to choose the variable which is used to map the problem. Moreover, the improved algorithm can deal with the nonnegative varaiables. The proposed algorithm starts by using the objective plane to split constraints into three groups by considering the sign of coefficient for each constraint. Then constraints from the nonpositive groups (negative and zero coefficient groups) are relaxed. The relaxed problem can identify a feasible point by our theorem. Then it will be transformed for starting the simplex algorithm without using artificial variables. Constraints from the nonpositive groups are added for checking the solution from the relaxed problem. Since artificial variables is not used, the number of variables by our algorithm is less than or equal to the number of variables by the simplex algorithm. The number of constraints which solved by our algorithm is less-than or equal to the number of constraints which solved by the simplex algorithm. This is an obvious advantage of our algorithm. Moreover, we suggest the criteria to select the variable for mapping. From the computational results, we found that iterations from the selected variable which has the maximum cost of the objective function outperform the simplex algorithm, and another criteria. The main concept of our algorithm and theorems for guarantee feasibility of a relaxed linear programming problem is shown in section 2. In section 3, after the relaxed problem is solved by the simplex algorithm, constraints from the negative group and the zero group will be added and analysed for finding the optimal solution. In section 4, the computational results show the effectiveness of the algorithm. In the last section, we conclude and discuss our new findings.
II. PRELIMINARIES
Consider a linear programming problem in the following form:
where c is a nonzero vector and x is an n-dimensional column vector, A is an m × n matrix, b is an m-dimensional column vector. Let
If c i = 0, we determine
After replacing x i into the problem (1), the problem in an equivalent form can be written as follows:
Maximize y subject to
th constraint. Then the problem (4) can be rewritten as follows:
Maximize y subject to 
th constraint, we let a m+1,j = c j , j = 1, ..., i−1, i+1, ..., n and b m+1 = 0. If c i > 0 then m+1 will be added to M 2 . Otherwise, m + 1 will be added to
Since we classify groups by the value of coefficients, M 1 is the group of positive coefficients, M 2 is the group of negative coefficients, and M 3 is the group of zero coefficients.
Fig. 1. Example of a feasible region after mapping in R 2
Pleasantly, the problem (5) can be written in the matrix form as follows:
where 1 m1 is an m 1 -dimensional column vector of 1, 1 m2 is an m 2 -dimensional column vector of 1, b m1 , b m2 and b m3 are the right hand side vector corresponding to the group M 1 , M 2 and M 3 , respectively. A m1 , A m2 and A m3 are submatrices corresponding to the group M 1 , M 2 and M 3 , repectively.
T . A. The relaxed problem
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Consider the problem (6), it will be feasible when y is between constraints in the group of M 1 and constraints in group M 2 , and xī satisfies constraints in group M 3 as figure 1. Since we want to maximize y, the optimal solution will be formed by some constraints from group M 1 . So we will relax some constraints from group M 2 and M 3 . Then, we will solve the problem with constraints from the group M 1 first. Therefore, the relaxed problem can be rewritten as follows:
We will show that the problem (7) is always feasible. 
is a feasible point of the problem (7).
is a feasible point of the problem (7). The problem (7) is always feasible.
If M 1 = ∅ and M 3 = ∅ then the problem (6) can be rewritten as follows:
We can show that the problem (8) is unbounded.
Show that X is not empty.
Choose
is a feasible point of the problem (8) . So X is not empty.
We will show that d
T is a recession direction [1] where d is an n-dimensional column vector. For all α > 0 and (y 0 , x
) ∈ X. Since 1 m2 y 0 ≥ b m2 − A m2 xī 0 and 1 m2 α > 0,
Consider the objective cost of the problem (8) 
B. The transformed problem
The relaxed problem (7) 
If the transformed problem is infeasible or unbounded then the problem (6) will be infeasible or unbounded, respectively. If the optimal solution of the transformed problem (y * , xī * T ) is found then the optimal solution (y * , xī * T ) of the problem (6) will be found by letting y * = y * + y 0 . Then optimal solution of the original problem is x * ī
III. THE PROPOSED ALGORITHM
Consider the problem (9), we found that b m1 −1 m1 y 0 ≥ 0. So the standard form can be written as follows:
Letb m1 =b m1 −1 m1 y 0 . So the initial tableau of the relaxed problem (11) can be shown as follows:
where I m1 is an m 1 × m 1 identity matrix. Since the problem (11) is always feasible, the solution can be one of two cases: optimal or unbounded solution. 
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A. The optimal solution case After we found the optimal solution of the problem (11), then we will check that it will be the optimal solution of the original problem by adding constraints from group M 2 and M 3 into the problem (11) . For the transformed problem, constraints of group M 2 will be changed as 1 m2 y +A m2 xī ≥ b m2 − 1 m2 y 0 or −1 m2 y − A m2 xī ≤ −b m2 + 1 m2 y 0 . The standard form for the transformed problem is −1 m2 y + + 1 m2 y − − A m2 xī + s M2 = −b m2 + 1 m2 y 0 where s M2 is a nonnegative column vector.
Let B m * 1 and N m * 1 are the optimal basis and the associated nonbasic matrix of the problem (11), respectively. The corresponding tableau of the relaxed problem is as follows: ] are rearranged by basic and nonbasic columns. After adding constraints (12) into tableau, we get
We can eliminateÂ B m * 1 by multiplying the second row bŷ A B m * 1 and subtracting from the third row gives the following tableau:
We can obtain the optimal solution by considering the sign of the right hand side in row s 23 . Ifb 23 ≥ 0, then the current solution is optimal. Otherwise, perform the dual simplex method to find the solution. Then we can conclude that if we find the optimal solution by the dual simplex method using Dantzig's rule, the value of the right hand side in the optimal tableau is the optimal solution of the transformed problem. Otherwise, if the dual is unbounded, we can conclude that the original problem is infeasible.
B. The unbounded case
Let B m1 be the basis and N m1 be the associated nonbasic matrix of the problem (11) . The corresponding tableau of the relaxed problem is as follows:
where
m1bm1 . Let R be an index set of nonbasic variables and z j = c
If the relaxed problem is unbounded, it means that there is z j −c j < 0 and B −1 m1 N m1 :j ≤ 0. We will find the solution of the transformed problem by adding all constraints from group M 2 and M 3 into the current relaxed tableau.
Similarly, we can use the equation (12) like the optimal solution case for adding to the current tableau when B m * 1 and N m * 1 are replaced by B m1 and N m1 . After elimination, if b 23 ≥ 0, then the current solution is primal feasible then the primal simplex will be applied. Otherwise, both primal and dual solutions are infeasible at the current iteration because of z j − c j < 0. In [9] , his method perturbs z j − c j < 0 to a positive value to obtain the dual feasible and then perform the dual simplex. After the optimal solution is found, the original z j − c j will be restored and the primal simplex is used. However, if the dual problem is unbound, then the original problem is infeasible.
C. The special case
If M 1 = ∅ and M 2 = ∅ then the problem (6) remains in the following
From the problem (13), the solution can be one of two cases: unbounded or infeasible. Because of the variable y is not in constraints, if there is xī 0 that A m3 xī 0 ≤ b m3 then the problem is feasible and y can increase to infinity. So the problem will be unbounded. Otherwise, the problem is infeasible. In this case, we will start with the first constraint and relax the remaining constraints as in the following:
Maximize y subject to a
where a 1: is the coefficient vector of the first constraint. For fixing j ∈ {1, 2, ..., n}, if a 1j = 0 where j = i then y = 0, x j = b1 a1j and x l = 0 is a feasible point of the problem (14) where l = 1, 2, ..., n, l = j = i. Then the transformed problem is Maximize y subject to a11 a lj where
. This problem is unbounded. Then we will add the remaining constraints and use the unbounded case for checking the solution.
D. Summary of the algorithm
The algorithm is summarized in the following:
Step 1: Map the original problem with Step 2: Test the optimal solution with all constraints from group M 2 and M 3 .
Step 2.1: If it satisfies all constraints, it is the optimal solution. Then stop. Step 2.2: Otherwise, perform the dual simplex at the unsatisfied constraints until the optimal solution is found. Then stop.
Step 3: Add all constraints from group M 2 and M 3 .
Step 3.1: If the current solution satisfies all constraints, perform the primal simplex algorithm until the optimal solution is obtained. Then stop. Step 3.2: Otherwise, perturb the negative reduced cost to a positive value for dual feasibility, then perform the dual simplex until the optimal solution is found. Restore the original reduced cost and perform the primal simplex until the optimal solution is found. Then stop.
E. The proposed criteria
In this paper, we suggest three criteria to choose the mapping variable as follows:
1. Choose the variable which has the smallest m 1 . 2. Choose the variable which has the largest m 1 . 3. Choose the variable which has the largest coefficient of the objective function.
IV. COMPUTATIONAL RESULTS
In this section, we tested the algorithm based on simulated linear programming problems. The randomly generated linear programming test problems -are maximization problems; -have a vector c with c i ∈ [−9, 9], i = 1, 2, ..., n; -have a matrix A with a ij ∈ [−9, 9], i = 1, 2, ..., m, j = 1, 2, ..., n; -have a vector x with x i ∈ [0, 9], i = 1, 2, ..., n; Then we derive a vector b with b i = A i: x where i ∈ 1, 2, ..., n and b j = A j: x + 1 where j ∈ n + 1, n + 2, ..., m.
The different sizes of the number of variables (n) and the number of constraints (m) were tested with our method with three criteria and Two-Phase method where m > n, n ∈ {5, 10, 20, 30} and m increases by 10, 20, 30, 40 and 50 times of the number of variables. For each size of the tested problems, the average number of iterations of 100 different problems were compared and shown in table I. In table I, the boldface numbers identify that the smallest average number of iterations. The result in table I is plotted as in Fig.3.-6 . RP-Min, RP-Max and C-Max identify three criteria: the smallest m 1 , the largest m 1 and the largest coefficient of the objective function, respectively.
From the computational results, we found that the average number of iterations of the proposed algorithm with three criteria are less than two-phase method except the problem with 30 variables and 300 constraints. The average number of iterations of the selected variable which has the largest coefficient of the objective function outperform two-phase method and another criteria.
V. CONCLUSIONS
In this paper, we proposed the artificial-free technique to improve the simplex algorithm. The objective plane can split constraints into three groups by considering the sign of coefficient for each constraint. Then constraints from the nonpositive groups (negative and zero coefficient groups) are relaxed. The relaxed problem can identify a feasible point by our theorem. Then it will be transformed for starting the simplex algorithm without using artificial variables. Constraints from the nonpositive groups are added for checking the solution from the relaxed problem. Since artificial variables is not used, the number of variables by our algorithm is less than or equal to the number of variables by the simplex algorithm. The number of constraints which solved by our algorithm is less-than or equal to the number of constraints which solved by the simplex algorithm. If all constraints contain in the group M 1 , then the number of constraints which solved by our algorithm and the simplex algorithm is equal. At each iteration, our algorithm solves partial tableau from the simplex tableau. So the dimension of parameters which used by our algorithm is less than or equal to the dimension of parameters which the simplex algorithm used. This is one of the advantage of our algorithm. If the group M 1 and M 3 is empty, then we can conclude that the original problem is unbounded without using the simplex algorithm. This is an obvious advantage of our algorithm. Moreover, we suggest the criteria to select the variable for mapping. From the computational results, we found that iterations from the selected variable which has the maximum cost of the objective function outperform the simplex algorithm, and another criteria.
